We report on a study of the charged-skyrmion or spin-texture excitations which occur in quantum Hall ferromagnets near odd Landau level filling factors. Particle-hole symmetry is used to relate the spin-quantum numbers of charged particle and hole excitations and neutral particle-hole pair excitations. Hartree-Fock theory is used to provide quantitative estimates of the energies of these excitations and their dependence on Zeeman coupling strength, Landau level quantum numbers, and the thicknesses of the two-dimensional electron layers. For the case of ν near three we suggest the possibility of first order phase transitions with increasing Zeeman coupling strength from a many 1 skyrmion state to one with many maximally spin-polarized quasiparticles.
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Typeset using REVT E X I. INTRODUCTION In the limit of strong magnetic fields where all electrons are confined to a single orbital Landau level, interacting two-dimensional electron systems (2DES's) exhibit a rich variety of unusual properties. The quantum Hall effect, which occurs when the chemical potential of the 2DES has a discontinuity at a density n * which depends on magnetic field strength 1 , is a prominent example. In the quantum Hall effect the incompressible groundstate at density n * can be a strong ferromagnet, i.e., its total spin quantum number S can equal N/2 so that electronic spins are completely aligned by infinitesimal Zeeman coupling. Surprisingly, in light of the strong magnetic fields, physics associated with spontaneous magnetization in these systems is experimentally accessible because the Zeeman coupling is typically quite weak compared to other characteristic energy scales and can even be tuned to zero, for example by the application of hydrostatic pressure to the host semiconductor. Recently there has been considerable interest in charged excitations of the incompressible groundstate at ν = 1 which has total spin quantum number S = N/2. As first noticed in numerical exact diagonalization calculations, 2 and demonstrated in recent experiments 3,4 the spin-polarization in these systems is strongly reduced away from ν = 1 where the groundstate must incorporate the charged excitations of the ν = 1 state. This behavior can be understood, 5, 6 quantitatively in the limit of very weak Zeeman coupling, by identifying the elementary charged excitations with the topological solitons (skyrmions) of the O(3) non-linear sigma (NLσ) model in two spatial dimensions 7 . With an appropriate kinetic term 8 , the latter describes the long wavelength T = 0 dynamics of any Heisenberg ferromagnet in two dimensions. Two features distinguish the quantum Hall case. First, the skyrmions carry electrical charge as a consequence of their topological charge, 9,5,10 and hence have a stable finite size for small but non-zero Zeeman coupling. Second, they are present in the groundstate near (but not precisely at) ν = 1, and as a consequence have an obvious influence on observable properties.
In this article we discuss the elementary charged excitations of quantum Hall ferromagnets using a Hartree-Fock approximation approach. 6, 11 The Hartree-Fock approximation can describe charged excitations which are sufficiently localized in space to invalidate the gradient expansion that underlies the NLσ model description. A weakness of both the Hartree-Fock and NLσ model calculations, which we will discuss further below, is the failure to respect the quantization [12] [13] [14] of total electronic spin. The article is organized as follows. In Section II we make some general remarks on the implications of particle-hole symmetry for relationships between the energies and spin quantum numbers of positively and negatively charged excitations of quantum Hall ferromagnets and for the neutral decoupled particle-hole pair excitations which are important in activated transport experiments. 15 The considerations in this section do not depend on the Hartree-Fock approximation. In Section III we explain some formal aspects of the Hartree-Fock approximation calculations we perform in order to explore the elementary charged excitations and how their energetic ordering depends on Zeeman coupling strength. Section IV presents and discusses our numerical results. We comment on the importance of the orbital Landau level index 16 and on the thickness of twodimensional electron layers. We conclude with a brief summary in Section V. An appendix discusses the spectral transfer in the presence of the skyrmion, analogous to that underlying midgap states in solitons in one-dimensional systems.
We close this section with a remark on the terminology used in this paper. In NLσ models the energy of a ferromagnet is expressed in terms of a function which specifies the direction of the local ordered moment as a function of the two-dimensional spatial coordinate. The energy functional in the "pure" NLσ model invoked in discussions of broken symmetry states contains only a gradient term and the topological solitons of this model can be determined exactly. 7 As the gradient term is scale invariant in two dimensions, the energy of these solutions is independent of their size. The NLσ model appropriate for quantum
Hall ferromagnets with a small Zeeman coupling has two additional terms which compete:
a Zeeman coupling which favors small skyrmions and a Coulomb interaction which favors large skyrmions; together these determine the size and energy of the skyrmion and also its precise profile which differs from those of the pure NLσ model solutions 17 . In a microscopic quantum treatment 13,2 a spin-multiplet of elementary charged excitations with total spin S = N/2 − K exists for each non-negative integer K. At large values of K, the correlations of the quantum states are well described by the classical soliton solutions; presumably, a treatment of the fluctuations about them, along the lines of soliton quantization in other problems 7 , would reproduce the exact states. However, frequently the lowest energy charged excitations occur at relatively small integer values of K where both the symmetry restoring quantum fluctuations and the neglected higher gradient terms are large and the field theoretic description is no longer accurate. While, strictly speaking, one might wish to reserve the term "skyrmion" for excitations that are well described by the NLσ model solitons, in this paper we take the liberty of referring to all elementary charged excitations of quantum Hall ferromagnets as skyrmions.
II. PARTICLE-HOLE SYMMETRY
When the spin-degree of freedom is included, the particle-hole symmetry of the the magnetic field strength, Φ 0 = hc/e is the electronic magnetic flux quantum, and ℓ is the magnetic length.) The particle-hole symmetry of this system occurs because, apart from the constant quantized kinetic energy which is conventionally chosen as the zero of energy, the Hamiltonian contains only the term describing interactions of electrons within a degenerate Landau level. In the occupation number representation, many-particle states can be specified either by the set of single-particle states within the Landau level which are occupied or by specifying the set which are empty, i.e. by specifying the states occupied by holes in the Landau levels. It is convenient to combine the particle-hole transformation with a spin-reversal so that the creation operators for spin-up particles are mapped to annihilation operators for spin-down holes and creation operators for spin-down particles are mapped to annihilation operators for spin-up holes. Under this mapping
It follows that
is theẑ component of the total spin. The Hamiltonian H changes by a constant:
where H ′ is normal ordered in terms of hole creation and annihilation operators and is identical to H except for the replacement of electron operators by hole operators, and ǫ 0 is the energy per electron in the groundstate at ν = 1 which is readily calculated for any specified model electron-electron interaction. For 2D electron systems with a uniform neutralizing positive background charge
where v(q) is the Fourier transform of the effective electron-electron interaction.
In the following sections we will evaluate the energy change in the system when a single electron is removed from the system at a fixed magnetic field. As mentioned above and shown in Reference 13, the set of elementary charged excitations at N = N φ − 1 is composed of a single spin-multiplet with S = N/2 − K for each non-negative integer K. With finite Zeeman coupling, the lowest energy state in each multiplet has S z = S = N/2 − K = N φ /2 − (K + 1/2) and the energy of this state relative to the ν = 1 groundstate of the quantum Hall ferromagnet may be written as
Here g * is the g-factor of the host semiconductor, and U K may be interpreted as the interaction contribution to the internal energy of the quasihole. It follows from the particlehole transformation (Eq. (1)) that the corresponding elementary charged excitations at
and energy relative to the N = N φ groundstate given by 
and for ν > 1 by
Note that dξ/dν = 2K just below ν = 1 and −2(K + 1) just above ν = 1. The polarization ξ may be measured in experiments 3, 4 that are sensitive to the spin magnetization of the system. Finally, the activation gap ∆ measured in transport studies 15 is the energy to make an unbound particle-hole pair: 
III. QUASIPARTICLE ENERGIES AND EXCITATION GAPS
In this section some formal aspects of the Hartree-Fock theory for the the charged excitations at ν < 1 are briefly discussed. Further technical details are provided in a previous paper on this topic 6 and in the appendix. (The excitations at ν > 1 may be obtained from these by particle-hole symmetry as explained above.) Because of the symmetry of the skyrmion charged excitations, it is convenient to work in the symmetric gauge where single-particle wavefunctions in the lowest Landau level (LLL) have the simple form
Here m = 0, 1, . . . , is the angular momentum, and z = x + iy expresses the 2D coordinate as a complex number. Note that states with larger m are localized further and further from the origin. We consider single-Slater determinant states of the form
where |0 is the particle vacuum and |u m | 2 +|v m | 2 = 1 so that the wavefunction is normalized. The total energy of this state, relative to the energy of the ferromagnetic groundstate, can be separated into interaction energy and Zeeman energy contributions as in Eq. (4):
For each value ofg the self-consistent Hartree-Fock equations determine the value of K which minimizes ǫ and, given K, the shape of the skyrmion state (specified by the u m values) which minimizes the interaction energy. For pedagogical purposes and for comparison with the field theoretical approach it is useful to consider the interaction energy as a function of K rather thang. U(K), which is just the Legendre transform of ǫ − (K), can be obtained from the K(g) and ǫ − (K(g)) produced by the self-consistent Hartree-Fock calculations using Eq. (12).
Formally minimizing Eq. (12) with respect to K we find that the optimal value of K for a giveng is determined byg
Thus the global relationship between the equilibrium value of K and the Zeeman coupling strength is conveniently summarized in a plot of dU dK versus K. We will use such plots in the next section to discuss the importance of the finite thickness of two-dimensional electron layers and of the Landau level index of the ferromagnetic state in determining K(g). The naive expectation is that the lowest energy skyrmion state should monotonically shrink asg increases; we see from Eq. (13) that this is possible only if
definite which is the usual requirement of convexity needed to obtain a continuous Legendre transform. The maximum value of −dU(K)/dK gives the maximum value ofg at which Hartree-Fock skyrmion states with K = 0 occur.
IV. HARTREE-FOCK THEORY NUMERICAL RESULTS
A. Lowest Landau Level: n=0
In Fig. 2 and Fig. 3 we show results for ǫ(K(g)), ∆(K(g)) and K(g) obtained by solving the Hartree-Fock equations at a series ofg values for the case of a strictly 2D electron system and for the case of a quasi 2D electron system with the finite layer thickness modeled to approximate the typical experimental situation. Finite thickness can be introduced into the calculation by assuming all the electrons are in the some confined state χ(z) of either the inversion layer or quantum well in which they reside. The effective two-dimensional electron-electron interaction may then be written in the form
which is softer than the Coulomb interaction at short distances, but at large distances approaches the 1/r form. The precise wavefunction chosen for our calculation is the Fang- In Fig. 2 , we see that both ǫ and ∆ rise rapidly toward their K = 0 values asg/(e 2 /ǫℓ)
increases. The rapid increase in the energy with increasingg is associated with the rapid shrinking of the optimal size of the skyrmion charged excitation, as seen in Fig. 3 . For typical experimental systems 3,4,15g ≈ 0.015 − 0.020e 2 /ǫℓ and the measured number of flipped spins K ≈ 3, in good agreement with the present numerical results. The small Zeeman coupling strength required to reduce skyrmions to microscopic size is at first sight surprising and reflects the relatively weak K dependence of U(K). As explained in the previous section, behavior at smallg means that even weak Zeeman coupling compared to the characteristic interaction energy is sufficient to eliminate most of the energy difference between the lowest energy charged excitation and the K = 0 Hartree-Fock quasiparticle energy.
As explained in the previous section we can extract results for U(K), the internal energy In Fig. 4 it is interesting to note that U(K) approaches K = 0 with a finite slope. This is seen most clearly in Fig. 3 which, using Eq.( 13), can be regarded as a plot of K vs.
The maximum slope of U(K) occurs at K = 0 and since |dU/dK| increases monotonically with decreasing K this slope specifies the largest value ofg for which a K = 0 solution of the Hartree-Fock equations occurs. The property that the Hartree-Fock skyrmion decreases continuously to zero size with increasingg contrasts with properties which would follow from other forms for U(K). For example if U(K) approached its K = 0 value from below quadratically, the maximum value of −dU(K)/d(K) would occur at a finite value of K and the skyrmion would suddenly collapse to zero size onceg exceeded this value. If U(K) approached its K = 0 value from below as K s with s < 1, solutions with finite K would exist at arbitrarily largeg. Finally if U(K) was an increasing function of K at small K, reaching a maximum at K = K * , solutions with K < K * would not exist at anyg. We will see below that this is precisely the situation which often occurs when the quantum Hall ferromagnet groundstate has electrons in n = 0 Landau levels polarized.
As remarked in the introduction, it is important to note that our Hartree-Fock approach does not respect the separate quantization of spin and orbital angular momentum in our system, and instead permits only the quantization of the difference of these two quantities.
In the Hartree-Fock approximation, as in classical field theories, skyrmions appear as broken symmetry states of the Hamiltonian. There is a similarity here to the standard BCS treatment of superconductivity, in which particle number is not a good quantum number in the mean-field groundstate 11, 12 . However, while in the BCS problem there really is a broken symmetry in the thermodynamic limit, in our problem the skyrmion states only break the symmetry over a finite volume. Hence quantum fluctuations around the mean-field state will, if treated exactly, restore the individual quantization of spin and angular momentum.
It is therefore important to address the extent to which these fluctuations influence the results in Fig. 2 . In an exact calculation Fig. 2 would take the form of a series of straight line segments, since the quantum number K can only take on integer values 13 . We expect the Hartree-Fock approach to yield a smooth interpolation of the exact results which is most accurate when its K value is integral. Comparison with exact finite size calculations 23, 24 confirm this expectation. (We note the fortunate feature that the Hartree-Fock treatment is exact both at vanishingg, where the infinite skyrmion is a classical object up to trivial global rotations and at largeg where it describes the fully polarized quasihole.)
B. First Landau Level: n = 1
Quantum Hall ferromagnets occur at ν = 1 and also at larger odd integral filling factors.
In the Hartree-Fock approximation, the groundstate for ν = 2n + 1 has all orbitals of both spins with Landau level index less than n occupied and only majority spin orbitals occupied in the n-th Landau level. If Landau level mixing is ignored, the fully occupied Landau levels play no role and the theory of quantum Hall ferromagnets is altered only by the change in the index of the Landau level onto which the electronic Hilbert space is projected.
The Hartree-Fock single-Slater-determinant state is an exact eigenstate of the Hamiltonian just as in the ν = 1 case and is expected to be the groundstate, at least if n is not too large. The change of Landau level index may be accounted for without approximation simply by including an additional form factor correction to the effective electron-electron interaction. The Fourier transform of the interaction for electrons projected into the nth The competition between Hartree-Fock and charged spin-texture quasiparticles can be understood in terms of the analytically known expressions for the Hartree-Fock exchange energy per electron for a full Landau level (ǫ 0 in Eq. ( 3)) and for the spin-stiffness 5,11
Since U K=0 = −2ǫ 0 and U K→∞ = −ǫ 0 + 4πρ s the difference is
For the Coulomb interaction model 16 ∆U = (−1/16)(π/2) 1/2 (e 2 /ℓ) in the n = 1 (ν = 3)
Landau level and has a larger negative value for the n = 2 (ν = 5) case. The [L 1 (q 2 )] 2 form factor for electrons in the n = 1 Landau level strengthens the effective interaction at large q which has more importance in ρ s than in ǫ 0 because of the q 2 factor in its integrand. When finite thickness form factors are also included in the effective interaction, the importance of large q in these integrals will diminish. For sufficiently wide quantum wells it is clear that the sign of ∆U will be positive and charge spin textures will also occur in the n = 1
Landau level. The objective of the calculations reported on below is to quantify the stability properties of skyrmions in n = 1 quantum Hall ferromagnets with finite width electron layers. We find that skyrmions in the first Landau level can be stabilized by finite thickness corrections, although for realistic widths the maximumg for which they are the lowest energy quasiparticles is roughly an order of magnitude smaller than for the n = 0 case. Thus the observation of skyrmions in the first Landau level would require specialized samples or experimental techniques to access this very low Zeeman energy limit. The results in Figure 6 suggest that for filling factors close to, but slightly away from, ν = 3, a strong first-order phase transition should take place asg is increased from zero, in which the spin polarization changes very abruptly. That this transition should involve a very large number of flipped spins can be seen by noting that the optimal values of K of the skyrmions for small valuesg is extremely large, as illustrated in Fig. 7 . Unlike the n = 0 case, skyrmion solutions of the Hartree-Fock equations become unstable at a finite value of K (≈ 9 for W = 0.45ℓ) at whichg = −dU(K)/dK reaches its maximum value (≈ 0.003e 2 /ǫℓ for W = 0.45ℓ). Forg larger than this value there are no K = 0 solutions of the Hartree-Fock equations.
We estimate the number of flipped spins in the skyrmion state for W = 0.45ℓ at the critical value ofg to be approximately K = 14, using our Hartree-Fock approach with a system size of M max = 480. It should be noted that at finite skyrmion concentrations, especially for such large skyrmions, a calculation 19 including interactions among the skyrmions would give a more reliable estimate for the jump in the spin polarization at the transition.
We expect that such interactions would most likely reduce somewhat the magnitude of this jump. (Related finite size studies have been carried out by Jain and Wu 16 .)
In general, the stability of K > 0 skyrmions is most easily assessed by considering the internal energy U K . As in the previous section, U K may be computed numerically by finding ǫ − K using the Hartree-Fock method, and then subtracting off the Zeeman contribution to the energy, as in Eq. 4. The results of such a calculation are illustrated in Fig. 8 for several values of the layer thickness W . These results confirm that skyrmions are the lowest energy charged excitations for large enough layer thickness, but become higher in energy than the K = 0 quasiparticle as the system approaches the two-dimensional limit. For n=1, U K may have local minima both at K = 0 and at K → ∞. For this reason it is possible for the Hartree-Fock equations to have two separate solutions for the same values ofg, as shown in It is interesting to note that, unlike the case of skyrmions in the lowest Landau level, the curvature of U K changes with increasing K (cf. Fig. 4 ). As mentioned in the discussion following Eq. 13, we do not expect to find stable skyrmion solutions for the convex regions of the graphs in Fig. 8 . Indeed, in order to obtain values for U K in the small K limit, it is necessary to add a fictitious term to the Hamiltonian of the form Note added: After the completion of this work, we became aware of a study of finite thickness effects on skyrmions 28 for electrons on a sphere using an approximate Gaussian form for the confined state χ(z) of the electrons. Where there is overlap, the results presented there agree reasonably well with our own.
APPENDIX A: MIDGAP STATES AND THE INFINITE SKYRMION
The most intuitive account of the physics of the skyrmions relies upon the spin Berry phases generated by adiabatic motion in a textured (effective) magnetic field arising from the magnetic exchange among the electrons themselves. Geometrical considerations show that the Berry phases due to a unit topological charge precisely mimic those of an additional quantum of orbital flux. The incompressibility of the quantum Hall fluid then implies that an additional electron (or fraction thereof for fractional quantum Hall states) must then be present in the region of the texture which is therefore a (dressed) quasielectron.
A more detailed description of this is to note that "up" and "down" spins, i.e. the spins that respectively point parallel and anti-parallel to the local direction of the field in the texture, see oppositely signed fluxes. Consequently while the "up" spin (effective)
Landau level gains one state the "down" Landau level loses one, i.e. the presence of the skyrmion causes the transfer of one state beween the upper (empty) and lower (filled) bands at ν = 1 thus allowing the extra electron to be accomodated in a low energy state, albeit at the energetic cost of texturing the spins. This is strongly reminiscent of midgap states in one-dimensional systems, i.e. polyacetylene 27 , where a background soliton causes states to appear in a gap and again there is the cost of creating the soliton which has to be overcome.
Since this description is very much of the one-electron variety, it is instructive to see how it works out in the the Hartree-Fock treatment. The situation is clearest for the "infinite" skyrmion where the texture is arbitrarily slowly varying. It is very useful to regularize this limit by putting the system on a sphere where it takes the form of a purely radial texture, n(θ, φ) =r. Again we may deduce the Hartree-Fock description by noting that the classical texture is invariant under the action of J = L + S. In the LLL approximation this uniquely picks the wavefunction and fixes the eigenoperators of the Hartree-Fock Hamiltonian. For a sphere with 2q flux quanta threading the surface, the latter are:
where
In this basis the Hamiltonian and wavefunction are,
where |0 is the vacuum state. The energies ǫ ± depend upon the details of the interaction and not just on the symmetries of the state. (In the limit of infinite system size these become degenerate with the corresponding up and down spin eigenvalues at (exactly) ν = 1 as the skyrmion becomes locally indistinguishable from the ferromagnetic state.) The form of H HF clearly shows that transfer of one state across the gap. Evidently, all we have used in this is that the states of H HF must be classified only by their eigenvalues under J and hence must occur in the multiplets j + 1/2 and j − 1/2. This will therefore also survive the perturbative inclusion of Landau level mixing.
For finite skyrmions, the picture is (unfortunately!) less elegant. The excess charge is now localized in a finite region and hence affects the Hartree-Fock eigenvalues in the core of the skyrmion. This can be seen in from Fig. 10 , where we have plotted the eigenvalues, now on the plane, for skyrmions at two different values ofg/(e 2 /ǫℓ). While the general scenario of a transferred state between two sets of levels still holds, the individual sets themselves become degenerate only in the large skyrmion limit.
Finally, we note that putting the infinite skyrmion on the sphere allows us to compute its energy very accurately and thus circumvent the problems at smallg noted in the text.
The only trick here is that we need to subtract the Hartree self-interaction of the skyrmion charge, e 2 /(2 √ q) ( √ q is the radius of the sphere), which is substantial for small system sizes. This greatly improves convergence and the known infinite system result is recovered to within a few percent already at system sizes with q ≈ 10. 17 It is an interesting feature that the pure sigma model is apparently realized exactly, by the hard-core pseudopotential model with V (0) = 0. This conclusion follows from the observation 2,13 that the entire family of "skyrmion" quasiparticle states with L = S are degenerate in this case; in the sigma model language this implies scale invariance for the action. It was also noted in 6 that the hard-core skyrmions are described exactly by the Moon et al 11 wavefunctions which reproduce the classical textures for large sizes. This circle is closed by the further observation in that paper that the hard core skyrmions can be obtained as eigenfunctions of the quadratic hamiltonian H = −P n(x) · S(x)P , where P is the LL projection operator, n the classical texture and S is the second quantized spin operator. 
